CLASSICAL AND QUANTUM ERGODICITY ON 

ORBIFOLDS 



YURI A. KORDYUKOV 

Abstract. We extend to orbifolds classical results on quantum ergod- 
icity due to Shnirelman, Colin de Verdiere and Zelditch, proving that, for 
any positive, first-order self-adjoint elliptic pseudodifferential operator 
P on a compact orbifold X with positive principal symbol p, ergodicity 
of the Hamiltonian flow of p implies quantum ergodicity for the oper- 
ator P. We also prove ergodicity of the geodesic flow on a compact 
Riemannian orbifold of negative sectional curvature. 



1. Introduction and main results 

Orbifolds were first introduced in the 1950s by Satake as topological 
spaces generalizing smooth manifolds. Since then, orbifolds became clearly 
important objects both in mathematics and in mathematical and theoretical 
physics. The main purpose of this paper is to generalize to orbifolds some 
basic results on quantum and classical ergodicity. We refer the reader to 
[33J for a survey of recent results on quantum ergodicity. 

Let A" be a compact orbifold, and P a positive, first-order self-adjoint 
elliptic pseudodifferential operator on X with positive principal symbol p G 
S 1 (T*X). (Here S m (T*X) denotes the space of smooth functions on T*X \ 
{0}, homogeneous of degree m with respect to a fiberwise M-action on T*X.) 
As an example, one can consider P = \/ Ax, where Ax is the Laplace- 
Beltrami operator associated to a Riemannian metric gx on X. 

The spectrum of P is discrete, and there is an orthonormal basis of eigen- 
functions {ipj} with corresponding eigenvalues {Xj}'- 

Pipj = Xjipj, Ai < A 2 < • • • . 

Let ft be the bicharacteristic flow of the operator P, that is, the restriction 
of the Hamiltonian flow of p to S*X = {{x,£) £ T*X : p(x,£) = 1}. In 
particular, the bicharacteristic flow of the operator P = y/Ax is the geodesic 
flow of the metric gx on the cosphere bundle S*X = G T*X : |£| = 

!}• 
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For any A € ty°(X), we denote by a a G S°(T*X) the principal symbol of 
A. Define a functional u on ty°(X) by 

^04) = ,/LyN / CT A^, 

uo/(5*X) 

where dfi is the Liouville measure on S*X. 

The next theorem is an orbifold version of the quantum ergodicity theorem 
of Shnirelman, Colin de Verdiere, and Zelditch |26|, [HI [HI]. 

Theorem 1.1. If the flow ft is ergodic on (S*X, d/j.) then there is a subse- 
quence {V'jfc} of density one such that for any A £ \P (X) 

lim (AiP Jk ,iP Jk )=u(A). 

This theorem can be reformulated in terms of the operator averages as in 
[32]. For any A G denote 

(A) := lim — / e itp Ae- itp dt, 
X 1 T^oo 2T J_ T 

where the limit is taken in the weak operator topology. 

Consider the eigenvalue distribution function N{X) of the operator P: 

N(X) = #{j : Xj < A}. 

Let E\ denote the spectral projection of P, corresponding to the semi-axis 
(— oo, A]. Thus, we have 

N(X) = tr E\. 

Theorem 1.2. If the flow ft is ergodic on (S*X,dfj,) then for any A £ 
we have 

(A) = u(A)I + K, 

where 

\\E x KE x \\=o(N(X)), A^+oo. 

To provide examples of ergodic geodesic flows on orbifold, we prove the 
following extension of a classical result by Anosov [2]. 

Theorem 1.3. The geodesic flow on a compact Riemannian orbifold of 
negative sectional curvature is ergodic. 

As an example of a compact Riemannian orbifold of negative sectional 
curvature, one can consider the hyperbolic orbifold H n /T, which is the quo- 
tient of the n-dimensional hyperbolic space H n by a cocompact discrete 
group r of orientation-preserving isometries of HP. 

Spectral theory of elliptic operators on orbifolds has received much atten- 
tion recently (see, for instance, a brief survey in the introduction of [1Q]). In 
|29j . the Duistermaat-Guillemin trace formula was extended to compact Rie- 
mannian orbifolds. This formula has been applied in [15] to an inverse spec- 
tral problem on some orbifolds. In [22], we stated two versions of Egorov's 
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theorem for orbifolds as well as Egorov's theorem for matrix-valued pseu- 
dodifferential operators on orbifolds. One should also mention the papers 
[HUH [23], where some properties of quantum systems on hyperbolic orbifolds 
were studied. 

The paper is organized as follows. Section [2] contains some background 
information on orbifolds. Section [3] is devoted to classical dynamical systems 
on orbifolds. Here we prove Theorem 11.31 on ergodicity of geodesic flows. In 
Section H] we prove Theorems II. II and II. 2[ Section [5] contains the proof of the 
local Weyl law for elliptic operators on orbifolds, which we use in Section HI 

2. Preliminaries 

In this section we briefly review some basic notions and results concerning 
orbifolds. For more details on orbifold theory we refer the reader to pQ. 

2.1. Orbifolds. Let X be a Hausdorff topological space. An n-dimensional 
orbifold chart on X is given by a triple (U ,Gu , 4>jj), where U C M. n is 
a connected open subset, Gjj is a finite group acting on U smoothly and 
4>u : U — > X is a continuous map, which is G[/-equinvariant (4>u ° 9 = 4>U f° r 
all g E Gjj) and induces a homeomorphism of U /Gjj onto an open subset 
U = 4>u(U) C X. An embedding A : (U,Gu,4>u) — > (V-,Gv,<t>v) between 
two orbifold charts is a smooth embedding A : U — > V with <j)y o A = 4>jj. 

An orbifold atlas on X is a family IA = {(U, Gu, <f>u)} of orbifold charts, 
which cover X and are locally compatible: given any two charts (U, Gjj, 4>u) 
over 4>u(U) = U C X and (U,G v ,4>v) over (/>v(V) = V C X, and a 
point x G U n V, there exists an open neighborhood W of x and a chart 
(W, Gwi 4>w) over W such that there are embeddings Xjj : (W, Gyy, (f>w) 
(U,Gu,4>u) and X v : (W,G W ,4> W ) ^ (V,G V ,</) V ). 

An (effective) orbifold X of dimension n is a paracompact Hausdorff topo- 
logical space equipped with an equivalence class of n-dimensional orbifold 
atlases. 

Throughout in the paper, X will denote a compact orbifold. 

Let x £ X and let (U,Gu,<fiu) be an orbifold chart such that x E U = 
4>u(U)- Take any x E U such that (j>u{x) = x. Let Gx C G\j be the isotropy 
group for x. Up to conjugation, this group doesn't depend on the choice of 
chart and will be called the local group at x. For any x G X, there exists 
an orbifold chart (U,Gu,4>u) such that x G U = 4>u(U) and G\j coincides 
with the local group G x at x. Such an orbifold chart is called a fundamental 
orbifold chart in a neighborhood of x. 

A function / : X — > C is smooth iff for any orbifold chart (U, Gjj, <pu) the 
composition f \jj o <pjj is a smooth function on U. Denote by C°°(X) the 
space of smooth functions on X. 

2.2. The cotangent bundle. The cotangent bundle T*X of A is an orb- 
ifold whose atlas is constructed as follows. Let (U, Gjj, 4>jj) is an orbifold 
chart over U C X. Consider the local cotangent bundle T*U = U x M n . 
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It is equipped with a natural action of the group Gjj. The projection map 
T*U — > U is G [/-equivariant, so we obtain a map pu : T*U := T*U /Gu — > 
U, whose fiber p v l {x) is homeomorphic to M. n /Gx- T*X is obtained by glu- 
ing together the bundles pjj : T*U —> U defined for each chart U in the atlas 
of X. Namely, let (U,Gu,4>u) and (V, Gv,(j>v) be two orbifold charts over 
4>u(U) = U C X and 4>v{Y) = V C X respectively, and let x belong to 
U (~)V. By definition, there exist an open neighborhood W of x and a chart 
(W, Gw, (t>w) over W such that there are embeddings Xu : (W, Gw, (fiw) ^ 
(U, Gu, <j>u) an d Ay : (W, G\y, <t>w) ^ (V, Gy, (j>v)- These embeddings give 
rise to diffeomorphisms Xu ■ W — > Xu{W) C U and Ay : W — > Ay(W) C V, 
which provide an equivariant diffeomorphism Xuv = AyA^} 1 : Xu(W) — > 
Xy(W), the transition function. There are induced equivariant embeddings 
of cotangent bundles T*X V : T*W -> T*U T* X v : T*W -> T*V . The lo- 
cal bundles p v : T*U/Gu -»■ U p v : T*V/G V -> V are glued together 
by the transition functions T*X VU = T*Ay(T*A C /)" 1 : T*X V (T*W) -> 
T*Ay(T*W). Each orbifold chart (U,Gjj,4>u) on gi ye r i se to an orb- 
ifold chart (T*U, Gu,T*4>u) on T*X, where the map T*<j>u is induced by 
the projection T*U -»■ 

Like in the manifold case, the cotangent bundle T*X carries a canonical 
symplectic structure. Here by a symplectic form on an orbifold Y we mean 
an orbifold atlas U = {([/, 0c/)} together with a G;y-invariant symplec- 
tic form u?[7 on f7 for each (U ,Gu ,4>u) £ W such that, for any transition 
function Aj/y : Xjj(W) C C7 — )■ Ay(H^) C V", we have X uv ujy = ujjj. An orb- 
ifold Y equipped with a symplectic form u> is called a symplectic orbifold. 
The canonical symplectic structure on T*X can be constructed as follows. 
Consider the orbifold chart (T*U,Gu,T*(j)u) induced by an orbifold chart 
(U ,Gjj , 4>u)- T*U carries a canonical symplectic form u TSfU , which is in- 
variant with respect to the Gt/-action on T*U. These symplectic forms are 
compatible for two different orbifold charts and define a symplectic form on 
T*X. 

2.3. Quotient presentations. We will need the following well-known fact 
from orbifold theory due to Kawasaki [181 EH] (see, for instance, (5j El] for 
a detailed proof). 

Proposition 2.1. Let M be a smooth manifold and K a compact Lie group 
acting on M with finite isotropy groups. Then the quotient X = M/K 
(with the quotient topology) has a natural orbifold structure. Conversely, 
any orbifold is a quotient of this type. 

Any representation of an orbifold X as the quotient X = M/K of an 
action of a compact Lie group K on a smooth manifold M with finite isotropy 
groups will be called a quotient presentation for X. There is a classical 
example of a quotient presentation for an orbifold X due to Satake. Choose 
a Riemannian metric on X. It can be shown that the orthonormal frame 
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bundle M = F(X) of the Riemannian orbifold X is a smooth manifold, the 
group K = 0(n) acts smoothly, effectively and locally freely on M, and 
M/K ^ X. 

A quotient presentation X = M/K for the orbifold X gives rise to a 
quotient presentation for the cotangent bundle T*X of X in the following 
way. The action of K on M induces an action of K on the cotangent bundle 
T*M. Denote by t the Lie algebra of K. For any v G t, denote by vm 
the corresponding infinitesimal generator of the AT-action on M. For any 
x G M, vectors of the form vm ( x ) with ti G f span the tangent space T x (Kx) 
to the A-orbit of x. Denote 

{T* K M) X = {£ G TIM : (£,v M (x)) = for any v G t}. 

Since the action is locally free, the disjoint union 

T* K M = □ (T* K M) X 

is a subbundle of the cotangent bundle T*M, called the conormal bundle. 
The bundle T^M is a K-invariant submanifold of T*M such that 

T* K MjK ^ T*X, 

thus giving a quotient presentation for T*X. This construction is a particu- 
lar case of the Marsden-Weinstein symplectic reduction (see [22] for details) . 

2.4. PseudodifTerential operators. Here we recall some basic facts about 
pseudodifferential operators on orbifolds (see [SJ [HI [13] for details). As 
above, let A" be a compact orbifold. 

A linear mapping P : C°°{X) — > C°°(X) is a (pseudo) differential opera- 
tor on X of order m iff: 

(1) the Schwartz kernel of P is smooth outside of any neighborhood of 
the diagonal in X x X. 

(2) for any x G X and for any orbifold chart (lI,Gu,4>u) with x G U, 
the operator C£°(U) 3 f h-> P(/) |{/ G C°°(U) is given by the restriction to 
G[/-invariant functions on [/ of a (pseudo) differential operator P of order m 
on [/ that commutes with the G\j action. 

All our pseudodifferential operators are assumed to be classical (or poly- 
homogeneous), that is, their complete symbols can be represented as an 
asymptotic sum of homogeneous functions. Denote by \E ,m (A) the class of 
pseudodifferential operators on X of order to. 

It is not hard to show [U Proposition 3.3] that the operator P introduced 
in the part (2) of the definition is unique up to a smoothing operator. In 
particular, it is unique if P is a differential operator. A pseudodifferential 
operator P on U that commutes with the G[/-action has a principal symbol 
p G C°°(T*U \ {0}) that is invariant with respect to the G;y-action on 
T*U, and therefore it induces a function on the quotient T*U \ {0}/Gu = 
T*U\{0}. One can check that these functions define a function on T*X\{0}, 
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the principal symbol of P. The pseudodifferential operator P on X is elliptic 
if P is elliptic for all choices of orbifold charts. 

3. Classical dynamics on orbifolds 

3.1. Hamiltonian dynamics. The flow Ft on a symplectic orbifold (Y,u>) 
is Hamiltonian with a Hamiltonian H G C°°(Y) if, in any orbifold chart 
(U, Gjj, 4>u), the infinitesimal generator Xh of the flow satisfies the standard 
relation 

i(X H )uu = d{H \u o fa). 
Using quotient presentations, one can show the existence and uniqueness of 
the Hamiltonian flow on a compact orbifold with an arbitrary Hamiltonian 
H (cf. [28] ). More precisely, we have the following statement. 

Theorem 3.1. Let v be a smooth vector field on a compact orbifold Y . Then 
there exists a one-parameter group {<pt} of diffeomorphisms of Y generated 
by v: for any f G C°°(Y) 

j t f(Mx))\t=o=v(f)(x), xG Y. 

Proof. Let Y = N/K be a quotient presentation for the orbifold Y and 
7r : N — > Y the corresponding projection map. Let % be a if-invariant 
distribution on TV such that 7~L x ®T x {Kx) = T X N for any x G N (a horizontal 
distribution). For instance, we can choose a K- invariant Riemannian metric 
on N and take T~L X to be the orthogonal complement of T x {Kx) in T X N, 
x G N. For any x G N, there exists a unique vector v(x) G T~L X such that 
dn x (v(x)) = v(n(x)). Let (j>t be the one-parameter group of diffeomorphisms 
of N generated by v. Each <pt is a il"-invariant diffeomorphism of iV and 
therefore induces a diffeomorphism of Y. It is easy to see that {4>t} is the 
one-parameter group of diffeomorphisms of Y generated by v. □ 

The existence of the Hamiltonian flow ft on the cotangent bundle T*X of 
a compact orbifold X with Hamiltonian p G S 1 (T*X) follows immediately 
from Theorem 13.11 applied to the corresponding Hamiltonian vector field v 
on an arbitrary level set G T*X : p(x,£) = E},E > 0. In this case, 

one can give another construction of the corresponding Hamiltonian flow ft 
based on symplectic reduction. Let X = M/K be a quotient presentation 
for X. Consider a Hamiltonian p G C°°(T*X) as a smooth i^-invariant 
function on T* K M. Let p G C°°(T*M) K be an extension of p to a smooth 
if-invariant function on T*M. Let ft be the Hamiltonian flow of p on T*M. 
Since p is i<C- invariant, the flow ft preserves the conormal bundle T^M, 
and its restriction to T^M (denoted also by f t ) commutes with the in- 
action on T^M. So the flow ft on T^-M induces a flow f t on the quotient 
T^M/K = T*X, which is called the reduced flow. One can show that 
this flow is a Hamiltonian flow on T*X with Hamiltonian p. We refer the 
reader to [28] for more information on Hamiltonian dynamics on singular 
symplectic spaces. 
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3.2. Proof of Theorem II. 3L Let X be a compact Riemannian orbifold of 
negative sectional curvature and ft : S*X — > S*X the geodesic flow of X. 
Let X = M/K be a quotient presentation for X. It gives rise to the quotient 
representation for S*X: 

S*X ^ S* K M/K, 

where S* K M = {(»,£) G T* K M : |f| = 1}. Let H be a horizontal distribution 
on S* K M and let /t be a iT-invariant flow on S* K M, which is the horizontal 
lift of the flow ft to S* K M as in the proof of Theorem 13.11 

Lemma 3.2. The flow ft on S^M is a partially hyperbolic flow. 

We recall that the flow ft is a partially hyperbolic if the diffeomorphism 
fi is partially hyperbolic, which means that there are distributions E s , E° 
and E u on S^M, which are invariant under the map df\: 

df 1>{Xj0 (E T (x,0) = E T (f\(x,0), r = s,c,u, 
such that, for any G S* K M 

T (X>0 (S* K M) = E s (x,0 E c (x,0 E u (x,0, 
and there exist C > and 

< Ai < /ii < A 2 < /U 2 < A 3 < fi 3 , m < 1, A 3 > 1, 
such that for n > we have 

C-^IMI < \\df n>{x>0 v\\ < Cfi\\v\\, v G E s (x,£), 

C-^M < 11^,(^)^11 < C^\\v\\, v G E c (x,0, 
C-^IMI < ||d/ n , (s , «|| < C7^||«||, v G 

Proof of Lemma \3.2l Let (U,Gu,(f>u) be an orbifold chart over U C X and 
^T*U i G u ,T*<l> u ) the induced orbifold chart over T*C7 C T*X. The lift of 
the flow ft to S*U is the geodesic flow of the metric gjy on U (denoted also 
by ft). Since gjy has negative sectional curvature, ft is an Anosov flow, that 
is, there are distributions E S ,E U C T(S*U) such that for any G S 1 *?/ 

T^^t/) = £ s (x,£) E c (x,0 ®E u (x,0, 

where E° is the tangent bundle to the orbits of the flow ft. Moreover, there 
are constants C > and A, < A < 1, such that for t > we have 

\\df UXj0 v\\ < CA*H, t;G 

M/-t,(z,eH < CA*[|i;[|, t;G£ s (x,£). 
It follows from the definition that the distributions E s and E u are continuous 
and invariant under the map dft- 

Constructing an appropriate slice for the if -action on M, one can give 
the following local description of the projection map p : M — > X (see, for 
instance, (5J Proposition 2.1] for details). 
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Proposition 3.3. For any x £ X , there exists an orbifold chart (U, Gjj, (ftu) 
defined in a neighborhood U C X of x such that there exists a K-equivariant 
diffeomorphism 

p-\U)^Kx Gu U. 

Recall that, by definition, K Xq v U = (if x U)/Gu, where G\j acts on 
if x U by 

7 • (k,y) = Of 1 , 72/), k G K,y G C/,7 G G v , 

and the iT-action on K x^^ [/ is given by the left translations on if. 

We have the corresponding local description for the projection map ps*x ■ 
S* K M — > S*X associated with the quotient presentation of S*X: 

Ps } x (S*U)^Kx Gu S*U. 

Using the finite covering if x S*U — > if x Gu S*U, one can lift the flow 
ft to a flow Ft on K x S*U. We have a commutative diagram 

K x S*U — if x 5*^ 
— 

Since the flow Ft is if- invariant, it is a group extension over ft: 

F t (k,(x,0) = (kMx,Z),ft(x,0), keK,(x,£)eS*U, 

where 4>t : S*U — > K is a smooth function on S*U with values in K. 

By [7, Theorem 2.2], the flow Ft on if x S*U is a partially hyperbolic 
flow, and, therefore, the flow ft is partially hyperbolic as well. □ 

The flow ft has a smooth invariant measure. Locally, with respect to an 
equivariant trivialization pg} x (S*U) = K x Gu S*U over an orbifold chart 
(S*U, Gu,T*(f>jj) defined in a open set U, this measure is the product dk x (j,, 
where dk is a Haar measure on K and \x is the Liouville measure on S*U. 

For any G S^M, the space E c (x,£) coincides with the tangent 

space of the if-orbit of (x,£). As shown by Brin, the distributions E s and 
E u are Holder. Moreover, the distributions E s and E u are integrable, and 
their integral manifolds form invariant continuous foliations W s and W u on 
S* K M. By [7] and [25], the foliations W s and W u are transversely absolutely 
continuous with bounded Jacobian. 

To prove ergodicity of the flow ft on S*X, we apply the classical Hopf 
argument to if -invariant functions on S^M. We will follow a detailed ex- 
position of the proof of the ergodicity of the geodesic flow given in [6j. Let 
<j) be a /^-invariant measurable function on S*X. Then o ps*x is a ft- 
invariant and if -invariant continuous function on S^M. By (HJ Proposition 
2.6], 4>ops*x is mod constant on the leaves of W s and W u , that is, there 
are null sets N s and N u in S* K M such that <j> o pr*x(y) = (ft ° Ps*x(x) for 
any x,y £ S* K M \ N s , y G and °Pt*x{z) = (ft °Ps*x{x) for any 
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x, z G S* K M \ N u , y G W u (x). Consider the foliation W uo whose leaves are 
the orbits of the leaves of W u under the K x M-action given by the JC-action 
on S* K M and the flow ft- By [61 Lemma 3.13], this foliation is absolutely 
continuous. So we have two transversal absolutely continuous foliations W s 
and W uo of complimentary dimensions and a measurable function 4>opg, x , 
which is mod constant on the leaves of W s and mod constant on the 
leaves of W uo . By [6, Proposition 3.12], we conclude that cfiops*x is mod 
constant on S* K M and, therefore, <\> is mod constant on S*X, that com- 
pleted the proof of Theorem 11.31 

4. Quantum ergodicity 

In this section, we prove Theorems 11.11 and 11.21 For this, we apply an 
abstract approach to quantum ergodicity developed in [32]. We need two 
results, which maybe of independent interest. 

The first result is the local Weyl law for elliptic operators on orbifolds. 
Throughout in this section, we assume that P is a positive, first-order self- 
adjoint elliptic pseudo differential operator on X with positive principal sym- 
bol p G S 1 (T*X). We introduce the generalized eigenvalue distribution 
function of P, setting for any A G ty°(X) 

N A (X)=tiAE x = (M->^), AeR, 

{?=Aj<A} 

where as above {tpj} is an orthonormal basis of eigenfunctions of P with 
corresponding eigenvalues and E\ is the spectral projection of P, cor- 
responding to the semi-axis (— oo, A]. 

Theorem 4.1. For any A G ^°(X), we have as X — > +oo 

^ (A >=(2^t/ s . x ^*) A " + 0(A "">- 

Remark 4.2. As a consequence of Theorem 14.11 we obtain Weyl's law on 
counting eigenvalues, first proved by Farsi [11] (see also [29]): as A — > +oo 

N(X) = ^- V ol(S;X)X n + O^" 1 ). 

Remark 4.3. Theorem 14.11 can be also proved by studying the principal 
term at t = of the distribution trace tr Ae ttp as in [29] . In particular, in 
[21?] . a pointwise Weyl law is proved: as A — > +oo we have 

E \^(x)\ 2 = ^\G x \X n + 0{X n - l ) J 

where B[x) is the volume of the domain {£ G T~U :p(x,£) < 1}, (U,G x ,<j)u) 
is a fundamental coordinate chart about x with 4>u(x) = x - 
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The proof of Theorem 14.11 will be given in Section 
The second result is the Egorov theorem for orbifolds proved in [22J. As 
above, let ft be the Hamiltonian flow of p on T*X. 

Theorem 4.4. For any pseudodifferential operator A of order with the 
principal symbol a a £ S°(T*X), the operator 

A(t) = e itp Ae- itp 

is a pseudodifferential operator of order 0. Moreover, its principal symbol 
o~A(t) £ S°(T*X) is given by 

<r A (t)(x,0 = <rA(ft(x,0), (x,O^T*X\0. 

Now let A be the C* closure of the algebra ty°(X) of zeroth order pseu- 
dodifferential operators on X acting in L 2 (X). Define the automorphisms 
af of A by 

a P (A) = e ltp Ae- up . 

Then we have a C* dynamical system (A, K, a). 
We set for A G A 

ujj (A) = (Ai/ij ,tpj), uj x = — ^— ^ . 

Each Uj is a normal invariant ergodic state of (A, R, a). By Theorem 14.11 
uj\ — > oj weakly as A — > oo. Therefore, the system (A, R, a) is a quantized 
Gelfand-Naimark-Segal system in the sense of [32]. By Theorem 14.41 the 
classical limit system is the C*-dynamical system (C(5*X),R, / t *), where / t * 
is the flow on the commutative C*-algebra C(S*X) induced by the bichar- 
acteristic flow ft on S*X. The classical limit system is abelian, so (A,M,a) 
is a quantized abelian system. Thus, Theorems 11.11 and 11.21 are direct con- 
sequences of Theorems 1 and 2 in [32J, respectively. 

5. The local Weyl law 

The goal of this section is to prove the local Weyl law, Theorem 14.11 
We will use an approach based on the generalized zeta-functions of elliptic 
operators (cf. [9J). Observe that the zeta functions of elliptic operators on 
orbifolds were studied in detail in [5]. We slightly extend the results of [5], 
introducing the orbifold analogues of the canonical Kontsevich-Vishik trace 
and the Wodzicki-Guillemin noncommutative residue. 

5.1. The canonical trace. First, we describe an orbifold analogue of the 
canonical trace on pseudodifferential operators introduced by Kontsevich 
and Vishik [201 [H]. 

For any a G C°°(R n \{0}), homogeneous of degree n, i.e. such that 
a(\r)) = X n a(r]) for any rj ^ and A € R+, let 




a{r})dr}. 
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For any function on R n \{0}, let 

<f>x(v) = AXAry), A > 0, 77 G R"\{0}. 

Recall the following fact on continuation of a homogeneous smooth func- 
tion on M n \{0} to a homogeneous distribution in W 1 , see |16j . Theorems 
3.2.3 and 3.2.4. 

Lemma 5.1. Let a G C oo (M ri \{0}) be homogeneous of order d in n G R n . 
fi^ If d $ {— n — k : k £ N}, <7 extends to a homogeneous distribution r on 

(2) If n = —q — k, there is an extension r of a, satisfying the condition 

(r, <P) = \- n ~ k (T, <px) + log A ]T S( V a o-)d«<P(0)/a ] ; « > 0. 

\a\=k 

In particular, the obstruction to the existence of an extension r G V (W 1 ), 
homogeneous in r/, is given by S(r] a o~), \a\ = k. 

Let L be the functional given by 



L(a) = (27r)- n / a( V )d V , 

which is well-defined on symbols a G S m (M n ) of order m < —n. 

Lemma 5.2 (|20j). The functional L has an unique holomorphic extension 
L to the space of classical symbols S z (M n ) of non-integral order z. The value 
of L on a symbol a ~ Yl a z~j ^ s given by 

N 

L(a) = (2n)- n / (<r - £ r z ^)dr,, 
Jr» i=0 

where T z -j is the unique homogeneous extension of a z -j, given by Lemma \5. 11 
N > Rez + n. 

Let (U,Gu,<fiu) be a fundamental orbifold chart on X and A G ^f m (U), 
m < —n, is a Gjy-invariant pseudodifferential operator on U with complete 
symbol k G S m {U x W 1 ). Its trace is given by the formula 

tr(A) = (27r)- n J-f / fc(x, d£. 

The following formula provides an extension of the trace functional to any 
pseudodifferential operator A G *$> Z (U) of arbitrary non-integral order z G 

C\Z: 



TR(^) = j^- J L(k(x,-))dx. 



This definition can be extended to all operators P G ^ Z (X), z G C\2 
Using |20|. I21j. we immediately obtain the following statement. 
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Proposition 5.3. The linear functional TR on the class ty m+ (X),m G 
C\Z of classical pseudodifferential operators of orders a G m + Z aas t/ie 
following properties: 

(1) It coincides with the usual trace tr /or Re a < — n. 

is a trace functional, i.e. TR(L4, £?]) = /or any A G ^ ai (X) and 
Be$ a2 (I), ai + a 2 em + Z. 

5.2. The noncommutative residue. Now let us turn to an orbifold ana- 
logue of the Wodzicki-Guillemin noncommutative residue [14"1 130] . 

Let (U, Gu, 4>u) be a fundamental orbifold chart on X. For a G^-invariant 
pseudodifferential operator A G i $> m (U), we define its residue form pa on 
U x M n as 

PA = fc- n (a:,f) da;d£, 
and its residue trace r{A) as 

It can be easily checked that, for any ^4 G ^f m (X), its locally defined residue 
forms pa give rise to a well-defined volume form on 

T*X \ {0} 

, and the residue trace t(A) is given by integration of the residue form pa 
over S*X: 

r{A) = [ p A . 
Js;x 

Now we describe a relation between the canonical trace and the noncom- 
mutative residue. First, recall that a family A{z) G ^f( z )>~°°(fj^ is holo- 
morphic (in a domain D C C), if the order f(z) is a holomorphic function, 
and the complete symbol k(z) G S^ Z '~°°(U x R n ) of A(z) is represented as 
an asymptotic sum 

oo 

k(z,x,£) ~ ^6>(C)fe/( z )-j(2,a;,0> 
i=o 

which is uniform in z, with homogeneous components kf/ z \j(z, x, £), holo- 
morphic in £. 

Proposition 5.4. For any holomorphic family A{z) G ^' m+z (X),z £ D C 
C, i/ie function z \— )■ TR(A(z)) is meromorphic with no more than simple 
poles at Zk = —m — n + G Z? f)7,,k > and wit/i 

res z= , fc TR(A(z)) =r(A(z fc )). 

Proof. The proposition is an immediate consequence of the similar fact for 
usual pseudodifferential operators [20j EI] (see also [5]). □ 
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5.3. Proof of Theorem 14.11 Let P be a positive, first-order self-adjoint 
elliptic pseudodifferential operator on X with positive principal symbol p € 
S 1 (T*X) and A £ ^°(X). Then we have a holomorphic family A(z) = 
AP Z £ fy z (X),z e C (see [SJ). By Proposition EH we obtain that the 
function z t— >■ TK(AP Z ) is meromorphic with no more than simple poles at 
Zk = —n+k, k > 0. In particular, for Kez < — n, the function z i— > TH(AP Z ) 
is holomorphic and 

TR(AP Z ) = Tr(AP z ). 

Therefore, TR(^4P Z ) gives a meromorphic extension of the generalized zeta 
function Ca(z) = Tr {AP Z ) to the complex plane. Moreover, by Proposition 
15.41 we have 

res z= . n TR(AP z ) = r{AP~ n ). 

By definition, the residue form Pap-™ is given by 

Pap-" = d- n (x,^) dx d£, 

where d- n is the homogeneous component of degree — n of the complete 
symbol of the operator AP~ n . Since AP~ n € *$>~ n (X), d- n coincides with 
the principal symbol of AP~ n . Therefore d- n is invariantly defined as a 
function on T*X \ {0} and equals 

d- n = (JAP~ n - 

The proof is completed by using the formula 

r+oo 

( A (z) = / X z d x N A (X) 
Jo 

and the Ikehara Tauberian theorem (see, for instance, |27j). 
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